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Abstract-h this paper, numerous complementary and equivalence relationships between various 
Erlang based queueing systems are established. It is shown that some of the recently reported results 
are a trivial consequence of the more general results presented here. The implications of these 
relationships are discussed. It is concluded that these relationships not only facilitate solutions to 
many Erlang based queueing systems, but also provide greater insight into such systems. An example 
is also provided. 
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1. INTRODUCTION 
In a recent paper [l], the notion of duality (complementarity) and a methodology to identify the 
dual (complementary system) for an Erlang distribution-based truncated steady state queueing 
system was suggested. For example, the dual of the M/Es/K/K queueing system was shown to 
be the M/M/l machine interference problem with K machines. In other papers [2,3], the dual 
of M/G/K/K was shown to be GI/M/l machine interference problem with K machines. The 
discussion was, however, limited to the case of Erlang’s loss system. This paper further generalizes 
that concept and extends the results to the case of finite source as well as multiple servers. Finite 
source models are used to analyze machine interference problems, time-sharing computer systems, 
multiprogrammed computer systems and multiaccess communications channels. In this paper, 
finite source models will be used in the context of machine interference problems. Assume that 
there are a finite number of homogeneous machines operating. In addition, there are some “cold” 
spare machines. These spare machines are not subject to any breakdowns until they are put in 
use. Periodically, the operating machines break down and require repairs from a repair station 
where a nonpreemptive repair discipline is assumed. Whenever this happens, a spare machine 
is immediately substituted for it. If all spares are in use and a machine breakdown occurs, the 
system experiences shortages. When a machine is repaired, it then becomes a spare, unless the 
system is experiencing shortages, in which case the repaired machine will immediately go into 
operation. 
In this paper, complementary and equivalence relationships between various Erlang based 
queueing systems are derived. It is shown that the relationship derived for the finite capacity 
The author is indebted to an anonymous referee for several constructive suggestions which have substantially 
improved the presentation. 
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model [I] is a special case of the more general results presented in this paper. The resulting 
awkward equations and complicated calculations can sometimes be very confusing. Comple- 
mentary and equivalence relationships provide greater insight and facilitate solution of many 
Erlang based queueing systems. Based on these, some suggestions are given to solve the Erlang 
distribution-based queueing systems. 
2. COMPEMENTARITY AND EQUIVALENCE 
Consider two finite source and/or finite capacity queueing systems, fil and slz with common 
state space, n = 0, 1, . . . , K, and ergodic probabilities p, and e,, respectively. 
DEFINITION 1. & is said to be complementary to RI, ifp, = eK+, n = 0, 1, . . . , K. 
DEFINITION 2. S& is said to be equivalent to RI, if p, = e,, n = 0, 1, . . . , K. 
COROLLARY 1. Given two equivalent queueing systems, fil and Rz, if a third queueing system & 
is complementary to RI, then it is also complementary to Rz. 
PROOF. It follows directly from Definitions 1 and 2. I 
COROLLARY 2. Given four queueing systems, 01, 02, 03 and s14, if 01 and Rz are complemen- 
tary, & and s14 are complementary, and & and fld are equivalent, then fll and & are also 
equivalent. 
PROOF. It follows directly from Definitions 1 and 2 and Corollary 1. I 
3. ERLANG DISTRIBUTION-BASED QUEUEING SYSTEMS 
In dealing with an S-Erlang distribution with mean l/p, it is often convenient to use the 
method of stages or phases. Thus, the system is assumed to be made up of S exponential phases, 
each with mean l/Sp [4,5]. Based on this concept, the balance equations for the probability 
distribution of the number of phases in the system can be written. The discussion in this paper 
is limited to the exponential-Erlang combination, i.e., either the interarrival time distribution or 
the repair time distribution is Erlang (but not both) while the other is exponential. 
4. ERLANG DISTRIBUTION-BASED 
FINITE CAPACITY SYSTEMS 
Define Xij as the arrival rate which takes the state of the system from state i to state j and pji 
as the repair rate which takes the state of the system from state j to state i. 
PROPOSITION 1. The complementary of an Es/M/C/K queueing system with arrival rate X and 
repair rate p, is the M/Es/l machine interference problem with C machines and (K - C) cold 
spares with breakdown rate p and repair rate A. 
PROOF. 
Original System 
Es/M/C/K queueing system 
The state of the system is represented by the number of phases in the system. Let {Qm} rep- 
resent the probability distribution of the number of phases in the Es/M/C/K queueing system. 
Then, Xij = SX for 0 < i 5 SK - 1, 1 5 j 5 SK and j - i = 1, and pji = INT[j/S]p for 
S 5 j 5 SC - 1 and j -i = S, and Cp for SC 5 j < SK and j - i = S, where INT[X] represents 
the integer portion of X. Therefore, the balance equations for the probability distribution of the 
number of phases in the system can be written as follows: 
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SXQo = P&S, 
SXQm = ~Qm+s + SAQ,-1, llm<S-1, 
SXQm + 1i-v~’ [y] p&m 
= (INT[~]+l)~Q~+s+S~Q,_l, S<m<SC-1, 
SXQm + CpQm = CpQm+s + SXQ,-1, SC < m < S(K - l), 
SXQm + CPQ,,, = SAQ,-1, S(K-l)+l <m 5 SK-l, 
CPQSK=SXQSK-I, and (1) 
E Qm = 1. (2) 
m=O 
If {pn} is the probability distribution of the number of customers in the system, then 
(n+l)S-1 







M/Es/l machine interference problem with C machines and (K - C) spares 
Let {Rm} represent the probability distribution of the number of phases in the system. Then, 
Xij = Cp for 0 2 i 5 (K-C)S and j-i = S, INT[(SK-i)/S]p for (K-C)S+l 5 i 5 S(K-1) 
and j - i = S, and pji = SX for 0 2 i 5 SK - 1, 1 5 j < SK and j - i = 1. Hence, the balance 
equations for the probability distribution of the number of phases in the system is as follows: 
CpRo = SARI, 
C,uR, -I- SXR, = SXR,,+I, llm<S-1, 
C/L&,, + SAR, = CpR,n_s -I- SXR,+l, S 5 m I (K - C)S, 
SXR, = pR,-s i- SXR,+l, 
SWYK = /&s(K-11, and 
SK 
c 
R, = 1. 
m=O 




If {e,} represents the probability distribution of the number of broken machines in the system, 
then 
eo = Ro, (7) 
and 
e, = c R,, lIn<K. (3) 
m=(n-l)S+l 
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A close examination of the balance equations in (l), (2), (5) and (6) shows that Q,,, (derived 
from (l)-(2)) is equal to the &K-m (derived from (5)-(6)). Thus, 
Qm = RSK-m, O<m<SK. (9) 
Similarly, from equations (3)-(4) and (7)-(g), it can be deduced that 
Pn = eK---n, O<n<K. (10) I 
PROPOSITION 2. The Es/M/C/K queueing system with arrival rate X and repair rate 1-1, is 
equivalent to the Es/M/C machine interference problem with 1 machine and (K - 1) spares 
with breakdown rate X and repair rate ~1. 
PROOF. The balance equations for the probability distribution of the number of phases in the 
Es/M/C machine interference problem with 1 machine and (K- 1) spares are identical to (l)- 
(2) which represents the same for Es/M/C/K queueing system. Hence, the two systems are 
equivalent. I 
COROLLARY 3. An M/Es/l machine interference problem with C machines and (K - C) spares 
with breakdown rate p and repair rate X, is complementary to an Es/M/C machine interference 
problem with 1 machine and (K - 1) spares with breakdown rate X and repair rate p. 
PROOF. It follows directly from Propositions 1 and 2 and Corollary 1. I 
5. ERLANG DISTRIBUTION-BASED FINITE SOURCE SYSTEMS 
Consider a finite source queueing system (machine interference problem) consisting of C re- 
pairmen, B machines and (K - B) cold spares, K 2 max(J3, C). K represents the size of the 
calling population (i.e., the number of machines plus the number of spares). Since C 2 1, the 
methodology of writing the balance equations for the probability distribution of the number of 
phases developed in the previous section is not valid. Instead an approach, similar to the one 
given in Gross and Harris [4] to describe the state of the system, is used as follows: 
Erlang Repair Time Distribution 
For a repair with S-Erlang distribution, an S + 1 component vector is required to describe the 
state of the system. The first component is the total number of machines in the repair facility 
(including the ones in the queue) and the remaining S components represent the distribution of 
machines in the various phases of repair. Thus, 
n;w,ns-I,..., nl = n in repair; ns in phase S of repair, 
ns-1 in phase S - 1 of repair,. . . , nl in phase 1 of repair. 
Note that phase S is the entry phase of the repair while phase 1 is the last or exit phase of the 
repair. Also, for a given n, there are ((nT + S - l)!) /(nT! (S - l)!) possible distributions for 
the number of machines in repair, where nT = ns + ns_1 + . . . + ~1 = min{n, C}. Thus, the 
number of machines in the queue will be n - nT. Let {Qn;ns,ns_l,,,.,nl } represent the probability 
distribution of the number of machines in the repair facility and the various phases of repair. It 
is, then, possible to write the balance equations for {Q7L;7L.S,7LS_1,...,nl} [6]. 
Erlang Breakdown Distribution 
For the model where the machines break down according to an S-Erlang distribution, an S + 1 
component vector is required to describe the state of that system. However, the interpretation 
in this case is different. The first component is the total number of machines that are broken 
Erlang Based Queueing Systems 61 
and the remaining S components represent the distribution of machines with various number of 
operating phases remaining before they too will break. Note that each machine has to go through 
S phases or “warnings” before being declared broken. Thus, 
m;ms,ms-I,..., m1 = m machines broken; ms machines with S phases of operations 
remaining, ms_1machines with S - 1 phases of operations 
remaining,. . . , m1 machines with 1 phase of operation remaining. 
For a given m, there are ((mT + S - l)!)/(mT!(S - l)!) p ossible distributions for the number of 
machines in operation, where mT = ms f ms-1 + ... + ml = K - m. Let (Rm~ms,ms_,,...,ml} 
represent the probability distribution of the number of broken machines and the number of 
machines in the various phases of operation. 
PROPOSITION 3. The complementary of an M/Es/C machine interference problem with B ma- 
chines and (K - B) spares with breakdown rate X and repair rate p, is the Es/M/B machine 
intereference problem with C machines and (K - C) spares with breakdown rate p and repair 
rate A. 
PROOF. Without loss of generality, consider the case where C = 4, B = 3 and K = 5. The 
proposition will be proven by induction to hold for all S. 
s= 1. 
Original System 
When S = 1, the original system is an M/El/4 machine interference problem with 3 machines 
and 2 spares with breakdown rate X and repair rate p. The balance equations for the probability 
distribution of the number of machines in repair are: 
3XQo;o = /.JQ~;~, 
3XQ1,1 + pQ1;1 = 3XQo;o + ~,JQ~;~, 
3XQ2;2 + 2pQ2;2 = 3X&1,1 + 3PQ3;3, 
2XQ3;3 + 31_~Q~;~ = 3XQ2;2 + qPQ4;4, 
XQ4;4 + ~/.LQ~;~ = 2XQ3;3 + 4PQ5;4, 
4~Q5;4 = XQ4;4, 
1 = Qo;o + &I;~ + Q2;2 + Q3;3 + Q4;4 + Q5;4e (1 1) 
If {pn} represents the distribution of the number of machines in the repair facility, then 
PO = Qo;o, PI = Ql;l, ~2 = Q2;2, 
~3 = Q3;3, ~4 = Q4;4, ~5 = Q5;4. (12) 
Comlementary System 
The complementary of the above system is El/M/3 machine interference problem with 4 ma- 
chines and 1 spare with breakdown rate p and repair rate A. The balance equations for the 
probability distribution of the number of broken machines and the number of machines in oper- 
ation are: 
411R0;4 = XR1;4, 
XR1;4 + 4~R1;4 = 2XR2;3 + ~PR~;~, 
2AR2;3 + 3&;3 = 3XR3,2 + ~/.LR~;~, 
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3X%2 + 2pR3;2 = 3XR4;1 + +R2;3, 
3AR4;1 + pR4;1 = 3XR5,o + 2/~R3;~, 
3XR5,o = @4;o, 
1 = Ro;~ + R1;4 i- R2;3 -I R3;2 + R4;1 + R5;o. (13) 
If {e,} represents the distribution of the number of machines in the repair facility, then 
eo = R0;4, 
e3 = R3;2, 
e1 = R1;4, 
e4 = R4;1, 
e2 = R2;3, 
e5 = Rb;o. (14) 
Replacing every QninI in the set of equations (11) by Rsmnin,, leads to the set of equations (13). 
Furthermore, the same substitution in the set of equations (12) leads to the set of equations (14) 
with p, = es_+. That is, 
Qw, = RK-n;nl > and 
% = eK--n, n = 0, 1, . . . , K. 
(15) 
06) 
s = 2. 
Original System 
When S = 2, the original system is an M/E2/4 machine interference problem with 3 machines 
and 2 spares with breakdown rate X and repair rate CL. The balance equations for the probability 
distribution of the number of machines in the various phases of repair are: 
SXQo;o,o = 2pQ1;0,1, 
~XQI,O,I + WQ1;0,1 = 2~Q1;1,~ + 4pQ2.0,2, 
3XQ1,1,0 + 2pQ1;1,o = 3XQo;o,o + +Q2;1,1, 
3XQ2;0,2 + 4/JQ2;0,2 = 2/.~Q~;l,~ + fjpQ3;0,3, 
3AQ2;1,1 + 4pQ2;1,l = 3XQl,o,l + 4pQ2;2,0 + 4pQ3;1,2, 
3XQ2;2,0 + 4pQ2;2,o = 3XQ1,1,0 + ~$Q3;2,~, 
2XQ3;0,3 + 6/~~3;0,3 = 2p~3;l,~ + ~PQ~;~,~, 
2XQ3;1,2 + +Q3;1,2 = 3XQ2;o,2 + 4pQ3;2,1 + @Q4;l,3, 
2AQ3;2,1 + +Q3;2,1 = 3XQ2;l,l + 6pQ3;3,0 + 4pQ4;2,2, 
2XQ3;3,0 + +Q3;3,o = 3XQ2,2,o + 2pQ4;3,1, 
XQ4;0,4 + 8PQ4;o,4 = 2/lQ4;1,3, 
XQ4;1,3 + @‘Q4;1,3 = 2XQ3;o,3 + 4/~Q~;2,~ + &~5;~,~, 
XQ4;2,2 + f$Q4;2,2 = 2XQ3;1,2 + 6~Q~;~,1 + @~~;1,~, 
XQ4;3,1 + %Q4;3,1 = 2XQ3;2,1 + ~~~~~~~~ + 4p~5;2,2, 
XQ4;4,0 + &JQ4;4,o = 2XQ3;3,o + 2j~Q5;~,1, 
bQ5;0,4 = XQ4;0,4 + 2~Q5;1,~, 
6pQ5;1,3 = XQ4,1a + +Q5;2,2, 
4pQ5;2,2 = AQ4;2,2 + 6/ILQ5;3,1, 
WQ5;3,1 = AQ4;3,1 + s~AQ~;~,~, 
%Q5;4,0 = XQ4;4,0, 
1 = Qo;o,o + &1;o,1 + Ql;l,o + Q2;0,2 + Q2;1,1 + Q2;2,0 + Q3;0,3 + Q3;1,2 
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+ Q3;2,1 + Q3;3,0 + Q4;0,4 + Q4;1,3 + Q4;2,2 + Q4;3,1 + Q4;4,0 + Q5;0,4 
+ Q5;1,3 + Q5;2,2 + Q5;3,1 + &5;4,0. (17) 
The distribution of the number of machines in the repair facility is given by 
PO = Qo;o,o, PI = QI;O,I + &1;1,0, 
~2 = &2;0,2 + Q2;1,1 + Q2;2,0, P3 = Q3;0,3 + &3;1,2 + Q3;2,1 + &3;3,0, 
P4 = &4;0,4 + Q4;1,3 + Q4;2,2 + Q4;3,1 f &4;4,0, 
P5 = &5;0,4 + Q5;1,3 + Q5;2,2 + Q5;3,1 -I- &5;4,0. (18) 
Complementary System 
The complementary of the above system is E2/?~f/3 machine interference problem with 4 
machines and 1 spare with breakdown rate p and repair rate A. The balance equations for the 
probability distribution of the number of broken machines and the number of machines in the 
various phases of operation are: 
@Ro;4,0 = XR1;4,0, 
%Ro;3,1 = AR1;3,1 + S/~R0;4,0, 
%R0;2,2 = AR1;2,2 + 6@0;~,1, 
6C1R0;1,3 = AR1;1,3 + ‘+Ro;2,2, 
8/-~Ro;o,4 = XR1;0,4 + @Rct;1,3, 
XR1;4,0 + @Rl;4,0 = 2%;3,0 + +~0;3,1, 
XR1;3,1 + %&;3,1 = 2XR2;2,1 + 8@1;4,o + $&;2,2, 
XR1;2,2 + W1;2,2 = 2XR2;1,2 + 6pR1;3,1 + 6/1,Ro;1,3, 
%;1,3 + &R1;1,3 = 2ARz;o,3 + @Rl,2,2 + @AR~;~,~, 
X%0,4 + @R1;0,4 = 2&;1,3, 
2AR2;3,0 + 6IJR2;3,0 = 3AR3,2,0 -t- %R1;3,1, 
2XR2;2,1 + 6~lR2;2,1 = 3XR3;1,1 f 6pR2;3,0 + 4pRl;2,2, 
2AR2;1,2 + 6~R2;1,2 = 3xR3,o,z + &R2;2,r f 6/lRr;1,3, 
2AR2;a,3 f 6PR2;0,3 = 2pR2;1,2 + 81_~Rl;o,4, 
3AR3;2,0 + @R3;2,0 = 3XR4;1,0 + 2/.iR2;2,1, 
3AR3;1,1 + 4~~R3;1,1 = 3AR4;o.l + @R3,2,o + $LR2;1,2, 
3XR3;0,2 f 4pR3;0,2 = &R3;1,1 -I 6pR2;o,3, 
3XR4;1,0 + %R4;i,o = 3XR5,0,o + +R3;1,1, 
3XR4;0,1 + 2pR4;0,1 = 2pRe,l,o + &R3;o,2, 
3J+Rs,o,o = @R4;o,l, 
1 = R0;4,0 + R0;3,1 + Ro;z,z + R0;1,3 + Ro;0,4 + RI;~,~ + R1;3,1 + Rl;2,2 
+ R1;1,3 + R1;0,4 + R2;3,0 + R2;2,1 + R2;1,2 + R2;~,3 + R3;2,0 + R3;1,1 
+ R3;0,2 + R4;1,0 + R4;0,1 + R5;o,o. (1% 
The distribution of the number of machines in the repair facility is given by 
eo = R0;4,0 + R0;3,1 + R0;2,2 + R0;l,3 + Ro;o,4, ~I=R~;~,o+RI;~,I+R~;~,~+R~;~,~+R~;~,~, 
e2 = R2;3,0 -I- R2;2,1 -t R2;1,2 + R2;0,3, e3 = R3;2,0 + R3;1,1 + R~;o,~, 
e4 = R4;1,0 + R4;0,1, e5 = R~;o,o. (‘w 
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Replacing every Qn;nz,nl in the set of equations (17) by Rs-n;nz,nIr leads to the set of equa- 
tions (19). Furthermore, the same substitution in the set of equations (18) leads to the set of 
equations (20) with p, = es+. That is, 
&mm = RK-n;nz,nl, and (21) 
Pn = eK-nr n=O,l,..., K. (22) 
s=3. 
Original System 
When S = 3, the original system is an M/Es/4 machine interference problem with 3 machines 
and 2 spares with breakdown rate X and repair rate p. The balance equations for the probability 
distribution of the number of machines in the various of phases of repair are: 
3XQo;o,o,o = 3pQ~,o,o,~, 
3XQl,o,o,1 + S~Qr;o,o,r = 3/.~Qr;~,~,~ + 6P~2;o,o,2, 
3XQl,o,~o + 31_1Qr;a,r,o = 3j~Q~;r,~,~ + 3/~Q2;~,~,1, 
3~Ql,l,o,o + 3~Q1;1,0,0 = 3XQ0;0,0,0 + 3PQ2;1,0,1, 
3XQ2;0,0,2 + 6/~Q2;o,o,2 = 3pQ2;o,~,~ + 9pQ3i0,0,3, 
3XQ2;0,1,1 + 6/~Q2;0,1,1 = 3pQzi1,0,~ + 6P~2;o,2,0 + 6p~3;0,1,2, 
3XQ2;1,0,1 + f.$Qz;l,o,l = 3XQI;o,o,l + 3PQ2;1,1,0 + 6p~3i1,0,2, 
3XQ2;0,2,0 -I- 6pQ2;o,2,o = 3,LLQ2;1,1,0 + ~PQ~;~,~,~, 
3XQ2;1,1,0 f 6~Qz;l,l,o = 3XQI,o,~,o + 6P~2;2,0,0 + 3p~3;l,l,lr 
3XQ2;2,0,0 + WQ2;2,o,o = 3XQl,l,o,o + 3~Q3;~,~,1, 
2XQ3;0,0,3 + 9pQ3;c,,o,3 = 3j~Q~;~,~,~ + 12pQ4;0,0,4, 
2XQ3;0,1,2 + 9pQ3;o,l,2 = ~PUQ~;~,~,~ + f$~~;~,~,l + 9pQ4;0,1,3r 
2XQ3;1,0,2 + WQ3;l,o,2 = 3XQ2;o,o,2 + 3/~Q~;~,l,l + gpQ4;1,0,3, 
2XQ3;0,2,1 + 9pQ3;o,2,1 = 3pQ3;l,l,l + 9pQ3;0,3,0 + 61-L~4;o,2,2, 
2XQ3;1,1,1 + %Q3;1,1,1 = %iQ2;o,~l + c~~LQ~;~,~,~ + 6p~3;1,2,0 + 6pQ4;1,1,2r 
2XQ3;2,0,1 + 9pQ3;2,o,l = %iQ2;l,o,~ + 3/~&~;~,1,~ + 6p~4;2,0,2, 
2XQ3;0,3,0 + %Q3;o,3,o = 3pQ3;l,2,0 + 3pQ4;0,3,1, 
2XQ3;1,2,0 + 9pQ3;1,2,o = 3XQ2;0,2,~ + 6~Q~;2,1,~ + 3pQ4;l,2,1r 
2XQ3;2,1,0 + 9pQ3;2,1,o = 3XQ2;1,~~ + gpQ3;3,0,0 + 3pQ4;2,1,1, 
2XQ3;3,0,0 + 9pQ3;3,o,o = 3iiQ2;2,0,0 + 3j~LQ4;~,~,1, 
XQ4;0,0,4 + =PQ4;o,o,4 = 3,~Q~;~,l,3, 
XQ4;0,1,3 + 12PQ4;o,l,3 = 3j~LQ~;l,~,~ + 6pQ4;0,2,2r 
XQ4;1,0,3 + l%Qq;l,o,3 = 2XQ3;0,0,3 + 3pQ4;1,1,2 + 1‘&Q5;0,0,4r 
xQ4;0,2,2 + %Q4;o,2,2 = 3~Q~;l,~,~ + 9pQ4;0,3,1, 
XQ4;1,1,2 -b l‘&Q4;1,1,2 = 2XQ3;0,1,2 + 6pQ4;2,0,2 + 6p~4;1,2,1 + gpQ5;0,1,3, 
XQ4;2,0,2 + l%Q4;2,o,2 = 2XQ3;l,0,2 + 3/~Q~;~,~,l + gpQ5;1,0,3, 
XQ4;0,3,1 + l&Q4;o,3,1 = 3j~Q~;l,~,l + 1‘&Q4;0,4,0, 
XQ4;1,2,1 + l&Q4;1,2,1 = 2XQ3;0,2,1 + 6pQ4;2,1,1 + CJpQ4;1,3,0 + 6pQ5;0,2,2, 
XQ4;2,1,~ + l‘&Q4;2,1,1 = 2XQ3;1,1,1 + 9pQ4;3,0,1 + 6p~4;2,2,0 + 6pQ5;1,1,23 
XQ4;3,0,1 + =pQ4;3,o,l = 2XQ3;2,0,1 + 3pQ4;3,1,0 + 6p~5;2,0,2, 
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x&4;0,4,0 + 12&4;0,4,0 = 3~Q4;1,3,0, 
XQ4;1,3,0 + 12PQ4;1,3,0 = 2AQ3;o,3,o + 6/~Q4;2,2,o + 3~Qs;o,3,~, 
xQ4;2,2,0 + l%Q4;2,2,0 = 2AQ3,1,2,o + 9pQ4;3,1,0 + +Q5;1,2,~, 
XQ4;3,1,0 + 1%‘Q4,3,1,0 = 2xQ3;2,1,o -k 12pQ4;4,o,o + ~,LJQ~;~,JJ, 
XQ4;4,0,0 + l%Q4;4,0,0 = 2xQ3;3,o,o + 3/~Q5;3,~,~, 
l%Q5;0,0,4 = XQ4;0,0,4 + 3~&5;0,1,3, 
12PQ5;0,1,3 = XQ4;0,1,3 + 3~&5;1,o,3 + 6pQ5,o,2,2, 
=PQ5;1,0,3 = XQ4;1,0,3 + @Q5;1,1,2, 
12pQ5;o,2,2 = AQ4;0,2,2 + 3PQ5;1,1,2 + 9pQ5;0,3,1, 
l@Q5;1,1,2 = AQ4;1,1,2 f 6/JQ5;2,o,2 i- 6pQ5;1,2,1, 
l2PQ5;2,0,2 = XQ4;2,0,2 + @Q5;2,1,1, 
lWQ5;0,3,1 = XQ4;0,3,1 + 3PQ5;1,2,1 + l@Q5;o,4,o, 
l%‘Q5;1,2,1 = AQ4;1,2,1 + 6pQ5;2,1,1 + 9,uQ5;1,3,0, 
12PQ5;2,1,1 = AQ4;2,1,1 + 9pQ5;3,o,l f 6~&5;2,2,o, 
1%‘Q5;3,0,1 = XQ4;3,0,1 + 3~Q5;3,1,0, 
12PQ5;0,4,0 = XQ4;0,4,0 + 3~Q5;1,3,0, 
l@Q5;1,3,0 = XQ4;1,3,0 + 6~Q5;2,2,o, 
l%‘Q5;2,2,0 = XQ4;2,2,0 + WQ5;3,1,o, 
12PQ5;3,1,0 = XQ4;3,1,0 + l+Q5;4,o,o, 
l@Q5;4,0,0 = XQ4;4,0,0, 
1 = Qo;o,o,o + Ql;o,o,l + Ql;o,l,o + Ql;l,o,o + Q2;o,o,2 + Q2;o,l,l + Q2;1,0,1 + Q2;o,2,0 
+ Q2;1,1,0 + Q2;2,0,0 + Q3;0,0,3 + &3;0,1,2 + Q3;1,o,2 + Q3;o,2,1 + Q3;1,1,1 
+ Q3;2,0,1 + Q3;0,3,0 + Q3;1,2,0 + &3;2,l,o + Q3;3,0,~ + Q4;0,0,4 + Q4;0,1,3 
+ Q4;1,0,3 + Q4;0,2,2 + Q4;1,1,2 + &4;2,0,2 + Q4;o,3,1 f Q4;1,2,1 + Q4;2,1,1 
+ Q4;3,0,1 + Q4;0,4,0 + Q4;1,3,0 + &4;2,2,o + Q4;3,1,0 + Q4;4,0,0 + Q5;0,0,4 
f Q5;0,1,3 + Q5;1,0,3 + Q5;0,2,2 $ &5;1,1,2 + Q5;2,o,2 + Q5;o,3,1 + Q5;1,2,1 
+ Q5;2,1,1 + Q5;3,0,1 •t Q5;0,4,o + &5;1,3,o + &5;2,2,o + Q5;3,1,o + Q5;4,0,0. (23) 
The distribution of the number of machines in the repair facility is given by 
PO = Qo;o,o,o, 
~1 = Ql;o,o,l + Ql;o,l,o + QI;I,o,o, 
~2 = &2;0,0,2 + &2;0,1,1 + &2;1,0,1 + &2;0,2,0 + Q2;1,1,0 + &2;2,0,0, 
p3 = &3;0,0,3 + Q3;0,1,2 + Q3;1,0,2 + &3;0,2,1 + Q3;1,1,1 + &3;2,0,1 
+ Q3;0,3,0 + &3;1,2,0 + Q3;2,1,0 + Q3;3,0,0, 
p4 = &4;0,0,4 + Q4;0,1,3 + Q4;1,0,3 + &4;0,2,2 + Q4;1,1,2 + Q4;2,0,2 
+ Q4;0,3,1 + &4;1,2,1 + Q4;2,1,1 + Q4;3,0,1 + &4;0,4,0 + Q4;1,3,0 
+ Q4;2,2,0 + &4;3,1,0 + Q4;4,0,0, 
p5 = &5;0,0,4 + Q5;0,1,3 + Q5;1,0,3 + Q5;0,2,2 + Q5;1,1,2 + Q5;2,0,2 
+ Q5;0,3,1 + &5;1,2,1 + Q5;2,1,1 + Q5;3,0,1 + Q5;0,4,0 + Q5;1,3,0 
+ Q5;2,2,0 + &5;3,1,0 + Q5;4,0,0. 
CAM 28:6-F 
(24) 
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Complementary System 
The complementary of the above system is E3/M/3 machine interference problem with 4 ma_ 
chines and 1 spare with breakdown rate p and repair rate A. The balance equations for the 
probability distribution of the number of broken machines and the number of machines in the 
various phases of operation are: 
l%Ro;4,0,0 = X%4,0,0, 
12@0,3,1,a = AR1;3,1,0 i- l+Ro;4,o,o, 
1211Ro;2,2,0 = W;2,2,0 + 9pRo;3,l,o, 
12/1R0;1,3,0 = XRl;1,3,0 + 6pR0;2,2,o, 
~+Ro;o,~,o = W;0,4,0 + 3pR0;1,3,0, 
WR0;3,0,1 = XR1;3,0,1 f 31*R0;3,1,0, 
12~R0;2,1,1 = XR1;2,1,1 + 9pRo;3,o,l + 6/~Ro;2,2,0, 
12@0;1,2,1 = XR1;1,2,1 + 6pR0;2,1,1 + 9pRo;l,3,o, 
1%Ro;o,3,1 = XR1;0,3,1 + 3~Ro;1,2,1 + l+Ro;o,qo, 
WRo;2,0,2 = XR1;2,0,2 t- 311R0;2,1~, 
l‘kR0;1,1,2 = XR1;1,1,2 + 6~Ro;2,0,2 + 6pRo;1,2,1r 
WRo,0,2,2 = X%0,2,2 + 3~R0;1,1,2 + 9pR0;o,3,1, 
%Ro;l,0,3 = XR1;1,0,3 + 3pR0;1,1,2, 
12PR0;0,1,3 = XR1;0,1,3 -t 3~Ro;1,0,3 + 6pRo;o,2,2, 
12PRo,o,o,4 = XR1;0,0,4 + 3pRo;o,1,3, 
XR1;4,0,0 + 12iLR1;4,0,0 = 2AR2;3,o,o + 3pRo;3,0,1, 
XR1;3,1,0 + 12PRl;3,1,0 = 2AR2;2,1,0 + l+R1,4,o,o + +Ro;2,1,1, 
XR1;2,2,0 + WR1;2,2,0 = 2XR2;1,2,0 + 9pR1;3,1,o + @Ro;1,2,1, 
XR1;1,3,0 + l%Rl;l,3,0 = 2AR2;0,3,o + 6pR1;2,2,0 + 3/~R0;0,3,1, 
X%0,4,0 + 12@1;0,4,0 = 3pR1;1,3,0, 
XR1;3,0,1 + 12PRl;3,0,1 = 2XR2;2,0,1 + 3~R1;3,1,o + 6pRo;2,0,2, 
‘R1;2,1,1 + 12~R1;2,1,1 = 2XR2;ls1,1 + 9pR1;3,o,l + 6pR1;2,2,o + 6pRo;1,1,2, 
‘Rl;l,2,1 + 12~Rl:1,2.1 = 2XR2;0,2,1 + 6pRl;2,1,1 + 9pRl;1,3,o + 6/~Ro;o,2,2, 
XR1;0,3,1 + 1%Ri;0,3,1 = 3~R~;1,2,~ + l‘$R1t~,4,0, 
XR1;2,0,2 + l%R1;2,0,2 = 2XR2;1,0,2 + %JR~;~,IJ + 9pR0;1,0,3r 
XR1;1,1,2 + 12@1;1,1,2 = 2XR 2 o 1,2 + 6~R1;2,0,2 + WR1;1,2,1 + 9pRo;o,l,3, ; , 
XRl,o,2,2 + WR1;0,2,2 = WRl,l,l,2 + 9pR1;o,3,1r 
XR1;1,0,3 + 12PRl;i,o,3 = 2AR2;o,0,3 + 3~R1;1,1,2 + l%~R~;o,~,~, 
XR1;0,1,3 + 12PRl;0,1,3 = 3~R1;1,0,3 + 6pRl;o,2,2, 
XR1;0,0,4 + l%Rl;o,o,4 = 3pR1;0,1,3, 
2AR2;3,o,o + 9pR2;3,o,o = 3AR3;2,0,o + 3pR1;3,0,1, 
2XR2;2,1,0 + 9pR2;2,l,o = 3AR3;1,1,0 + 9pR2;3,o,o + $LR1;2,1,1, 
2XR2;1,2,0 + 9pR2;1;>,o = 3AR3;0,2,o + 6pR2;2,1,o + 31_LR1;1,2,1, 
2AR2;0,3,o + 9pR2;o,3,o = %R2;1,2,0 + 3pRl;0,3,1, 
2XR2;2,0,1 + 9pR2;2,o,l = 3XR3;1,0,1 + WR2,2,1,0 + 6~Rl;2,0,2, 
2XR2;1,1,1 + 9~R2;1,1,1 = 3XR3;0,1,1 + 6~1R2;2,0,1 + 6pR2;1,2,o + 6/~R1;1,1,2, 
2XR2;0,2,1 + 9pR2;o,w = ~PRZ;IJ,I + WR2;o,3,o t 6pRl;o,2,2, 
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2XR2;1,0,2 + WRz;l,o,z = 3XRs;o,o,2 + $JR~;l,l,l + 9pR1;1,0,3, 
2%0,1,2 i- ‘JPRz;o,1,2 = ~~Rz;I,o,~ + 6pRpo,2,1 + 9pR1;0,1,3, 
2AR2;o,o,3 + WRs;o,o,a = 3@2;0,1,2 + 12pR1;0,0,4, 
3XR3;2,0,0 + 611R3;2,0,0 = 3XR4;l,o,o + 3/LR2;2,o,l, 
3XR3;1,1,0 + 6~R3;1,1,0 = 3XR4;o,l,o + 6/~R3;2,o,o + 3/~R2;1,~,1, 
3XR3;0,2,0 + 6@3;0,2,0 = 3pR3;1,1,~ + 3/LR2;o,2,1, 
3XR3;1,0,1 + WR3;1,0,1 = 3XR4;0,0,1 + 3/~R~;l,~,~ + ~/JR~;~,~,~, 
3XR3;0,1,1 + 6~R3;0,1,1 = 3pR3;l,o,l + 6/_~R3;0,2,o + 6p,R2;o,l,2r 
3XR3;o,0,2 + 6PR3;0,0,2 = 3pR3;o,1,1 + 9pR2;0,0,3r 
3XR4;1,0,0 + 3pR4;1,0,0 = ~XR~;O,~,~ + 3/~R~;l,~,l, 
3XR4;0,1,0 + 3pR4;0,1,0 = 31_~R4;1,~,~ + 3j~R~;~,~,l, 
3XR4;0,0,1 f 3/~R4;0,0,1 = 3/~R4;o,l,o + 6pR3;o,o,2, 
3AR5;0,0,0 = &R4;o,o,l, 
1 = R0;4,0,0 + R0;3,1,0 + R0;2,2,o f R0;1,3,0 + R0;0,4,0 + R0;3,0,1 + R0;2,1,1 + Ro;l,2,1 
+ Ro;o,3,1 + R0;2,0,2 + Ro;l,l,2 + R0;o,2,2 + R0;1,0,3 + R0;0,1,3 + R0;0,0,4 
+ R1;4,0,0 + R1;3,1,0 + R1;2,2,o + R~;I,~,~ + Rl;0,4,0 + R1;3,0,1 + Rl,2,1,1 
+ R1;1,2,1 + R1;0,3,1 + R1;2,0,2 + Rl;l~,~ + Rl;0,2,2 + Rl;l,0,3 + Rl;0,1,3 
+ R1;0,0,4 + R2;3,0,0 + R2;2,l,o + R2;l,2,0 + R2;0,3,0 + R2;2,0,1 + R2;l,l,l 
+ R2;o,2,1 + R2;1,0,2 f R2;0,1,2 + R2;o,o,3 + R3;2,o,o + R3;1,1,0 + R3;0,2,0 
+ R3;1,0,1 + R3;0,1,1 + R3;o,o,2 + R4;l,0,0 + R4;0,1,0 + R4;0,0,1 + R5;0,0,0. (25) 
The distribution of the number of machines in the repair facility is given by 
eo = Ro;4,0,0 + R0;3,1,0 + R0;2,2,o + R0;l,3,0 + R0;0,4,0 + R0;3,0,1 
+ R0;2,1,1 + Ro,1,2,1 + R0;0,3,1 + Ro;~,~,~ + R0;1,1,2 + R0;0,2,2 
+ R0;1,0,3 + R0;0,1,3 + R0;0,0,4, 
el = R1;4,0,0 + R1;3,1,0 + Rl;2,2,0 + R1;l,3,0 + R1;0,4,0 + Rl;3,0,1 
+ R1,2,1,1 + R1;1,2,1 + R1;0,3,1 + Rl;2,0,2 + Rl,l,l,2 + R1;0,2,2 
+ R1~0.3 + R1;0,1,3 + R1;0,0,4, 
e2 = R2;3,0,0 + R2;2,1,0 f R2;1,2,o + R2,o,3,o + R2;2,o,l + R2,1,1,1 
+ R2;o,2,1 + R2;1,0,2 + R2;o,l,2 + R2;o,o,3, 
e3 = R3;2,0,0 f R3;1,1,0 -t R3;o,2,o + R3;l,o,l + R3;0,1,1 + R3;o,o,2, 
e4 = R4:1,0,0 + R4;0,1,0 + R4;0,0,1, 
e5 = Rs;o,o,o. (26) 
Replacing every Qn;n3,RZ,nl in the set of equations (23) by R5_n;ns,nz,nlr leads to the set of 
equations (25). Furthermore, the same substitution in the set of equations (24) leads to the set 
of equations (26) with p, = e5_-7L. That is, 
Qnmmm = R~-n;n~,n~,n~, and (27) 
Pn = eK-n, n=O,l,..., K. (28) 
A similar argument can be carried out for S = 4 (involving 105 unknowns/equations) and beyond. 
Hence by induction, for a general value of S, 
Qn;n.l;,ns-I,..., l = RK-~;~.~,~.,_~ ,... ,nl, and W-9 
Pn = eK-n, n=O,l,..., K. (30) I 
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PROPOSITION 4. The M/Es/C/K queueing system with arrival rate X and repair rate p is 
equivalent to the M/Es/C machine interference problem with 1 machine and (K - 1) spares 
with breakdown rate X and repair rate p. 
PROOF. This proposition can be proven similar to Proposition 3. Thus, without loss of generality, 
consider the case where C = 4 and K = 5. The proposition will be proven by induction to hold 
for all S. 
s= 1. 
When S = 1, the balance equations for the probability distribution of the number of customers 
in service for the M/E1/4/5 queueing system with arrival rate X and service rate p are: 
XQo;o = pQl;o, 
XQl;l + IJQI;I = XQo,o + 2/~Q2;2, 
XQ2;2 + %Q2;2 = XQl;l + 3/~Q3;3, 
XQ3;3 + 311Q3;3 = XQ2;2 + 4pQ4;4, 
XQ4;4 + 4pQ4;4 = XQ3;3 + 4pQ5;4, 
411Q5;4 = XQ4;4, 
1 = Qo;o + Ql;l + Q2;2 + Q3;3 + Q4;4 + Q5;4. (31) 
These balance equations are identical to the probability distribution of the number of machines 
in repair for the M/El/4 machine interference problem with one machine and four spares with 
breakdown rate X and repair rate ,LL. Hence the two systems are equivalent. 
s = 2. 
When S = 2, the balance equations for the probability distribution of the number of customers 
in various phases of service for the M/E2/4/5 queueing system with arrival rate X and service 
rate D are: 
XQo;o,o = 2~Ql;~,l, 
XQl,o,l + ~,uQ~;~,~ zz 2pQl;l,o + 4pQ2;0,2, 
XQl;l,o + ~/LQ~;~,~ = XQo;o,o + 2pQ2;1,1, 
XQ2;0,2 + 4pQ2;0,2 = 2pQ2;1,1 + 6pQ3;0,3, 
XQ2;1,1 + 4pQ2;1,1 zz XQl;o,l + 4pQ2;2,0 + 4CLQ3;1,2, 
XQ2;2,0 + 4pQ2;2,0 = XQl,l,o + 2pQ3;2,1, 
XQ3;0,3 + 6/~Q3;~,~ = 2pQ3;1,2 + 8pQ4;0,4, 
‘Q3;1,2 + 6pQ3;1,2 = XQ2;0,2 + 4pQ3;2,1 + 6~Q4;1,3, 
XQ3;2,1 + 6/JQ3;2,1 = ),Q2;1,1 + 6pQ3;3,0 + 4CLQ4;2,2, 
‘Q3;3,0 + 6/~&3;3,o = ,jQ2;2,0 + 2pQ4;3,1, 
XQ4;0,4 + S/.L&~;~,~ = 2pQ4;1,3, 
‘Q4;1,3 + SpQ4;1,3 = XQ3;0,3 + 4pQ4;2,2 + 8~Q5;0,4, 
xQ4;2,2 + 8/LQ4;2,2 = XQ3;1,2 + 6pQ4;3,1 + 6~Q5;1,3, 
XQ4;3,1 + SPLQ~;~,~ = XQ3;2,1 + 8pQ4;4,0 + 4~Q5;2,2, 
XQ4;4,0 + S/JQ~;~,~ = XQ3;3,0 + 2pQ5;3,1, 
8~Q5;0,4 = XQ4;0,4 + 2pQ5;1,3r 
WQ5;1,3 = XQ4;1,3 + 4pQ5;2,2, 
411Q5;2,2 = XQ4;2,2 + 6pQ5;3,1, 
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@Q5;3,1 = XQ4;3,1 + @Q5;4,0, 
WQ5;4,0 = XQ4;4,0, 
l = Qo;o,o + QI;OJ + &1;1,o + &2;0,2 + Q2;1,1 + Q2;2,0 + Q3;0,3 + Q3;l,2 
+ Q3;2,1 + Q3;3,0 + Q4;0,4 + Q4;1,3 + Q4;2,2 + &4;3,1 + Q4;4,0 + Q5;0,4 
+ Q5;1,3 + Q5;2,2 + Q5;3,1 + Q5;4,0. (32) 
These balance equations are identical to the probability distribution of the number of machines 
in various phases of repair for the M/Es/4 machine interference problem with one machine and 
four spares with breakdown rate X and repair rate /-L. Hence, the two systems are equivalent. 
s = 3. 
When S = 3, the balance equations for the probability distribution of the number of customers 
in various phases of service for the M/Es/4/5 queueing system with arrival rate X and service 
rate p are: 
XQo;o,o,o = 3pQ1,0,0,1, 
J’Ql,o,o,l + 3pQ1;0,0,1 = 3pQl;o,l,o + ~/JQ~;~,~,~, 
~Ql,o,l,o + 3~Q1;0,1,0 = 3pQl;1,0,0 + 3~LQ~;~,l,l, 
XQl,l,o,o + 3pQ1;1,0,0 = XQo;o,o,o f 3/JQ2;l,o,l, 
xQ2;0,0,2 -I- 6pQ2;o,o,2 = 3pQ2;o,l,l + 9pQ3;0,0,3, 
XQ2;0,1,1 -I- 6pQ2;o,l,l = 3pQ2;l,o,l + 6pQ2;0,2,0 + 6p~3;0,1,2, 
XQ2;1,0,1 + 6/~Q2;1,0,1 = XQl;o,o,l + 3pQ2;1,1,0 + 6p~3il,0,2, 
XQ2;0,2,0 i- 6~Q2;0,2,o = 3pQ2;l,l,o + 3~Q~;~,~,l, 
XQ2;1,1,0 -I- 6~Q2;1,l,o = XQl;o,l,o + ~~~~~~~~~~ + 3j~Q~;l,~,l, 
XQ2;2,0,0 + 6~Q2;2,o,o = XQl;l,o,o + 3pQ3;2,0,1r 
XQ3;0,0,3 + %Qs;o,o,3 = 3/.LQ3;o,1,2 + 12pQ4;0,0,4, 
XQ3;0,1,2 + WQs;o,l,2 = 3/-i&3&0,2 + 6/~Q~;~,~,l + 9pQ4;0,1,3, 
XQ3;1,0,2 + WQs;l,o,2 = XQ2;0,0,2 + 3pQ3;l,l,l + gpQ4;1,0,3, 
XQ3;0,2,1 + WQs;o,2,1 = 3pQ3;l,l,l -+ 9,uQ3;0,3,0 + 6p~4;0,2,2, 
‘Q3;1,1,1 + gPQ3;1,1,1 = XQ2;o,l,l + 6pQ3;2,o,l + ~PLQ~;~,~,~ + 6p~4;~,1,~, 
‘Q3;2,0,1 + $Q3;2,o,l = XQ2;l,o,l + 3~Q~;~,l,~ + 6p~4;2,0,2, 
XQ3;0,3,0 + WQa;o,s,o = 3pQ3;1,2,o -+- 3/~Q~;~,~,l, 
XQ3;1,2,0 + WQ3;1,2,o = XQ2;o,2,0 + 6j~Q~;~,l,~ + 3/~Q~;l,~,l, 
XQ3;2,1,0 + WQ3;2,1,o = XQ2;l,l,o + 9pQ3;3,0,0 + 3/~Q~;~,~,l, 
XQ3;3,0,0 + %Q3;3,o,o = JIQ~;~,~,~ + 3j~Q~;~,~,l, 
XQ4;0,0,4 + =PQ4;o,o,4 = 3/~LQ4;~,1,~, 
XQ4;0,1,3 + l&Q4;o,l,3 = 3pQ4;1,0,3 + ~/.JQ~;~,~,~, 
XQ4;1,0,3 + 12PQ4;l,o,3 = XQ3;o,o,3 + 3~Q~;~,l,~ + 12/~Q~;~,~,~, 
XQ4;0,2,2 + l%‘Q4;o,2,2 = 3/hQ4;1,1,2 + 9pQ4;0,3,1, 
‘Q4;1,1,2 + l@Q4;1,1,2 = XQ3;o,1,2 + 6/~Q~;2,~,~ + 6pQ4;1,2,1 + 9pQ5;o,1,3, 
‘Q4;2,0,2 + lzpQ4;2,0,2 = AQ3;1,0,2 + 3p,Q4;2,1,1 + 9pQ5;1,0,3, 
XQ4;0,3,1 + l%Q4;0,3,1 = +Q4;1,2,1 + 12/.~&~;~,~,~, 
‘Q4;1,2,1 + 12PQ4;1,2,1 = XQ3;o,2,1 + 6~Q~;~,l,l + 9pQ4;l,3,0 + 6p~5;o,2,2, 
XQ4;2,1,1 + %Q4;2,1,1 = XQ3;l,l,l + Q~Q4;3,0,1 + 6p~4;2,2,0 + 6p~5;1,1,2r 
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'Q4;3,0,1 + 12~Q4;3,0,1 = AQ3;2,0,1 + 3pQ4;3,1,0 + 6pQ5;2,0,2, 
XQ4;0,4,0 + l%Q4;0,4,0 = 3/~Q4;1,3,0, 
XQ4;1,3,0 + %-‘Q4;1,3,0 = XQ3;0,3,0 + 611Q4;2,2,0 + 3/~Q5;~,~,1, 
XQ4;2,2,0 + =b‘Q4;2,2,0 = AQ3;1,2,0 + 9pQ4;3,1,o + +Q5;1,2,1, 
XQ4;3,1,0 + 1%Q4;3,1,0 = AQ3;2,1,0 + l%Q4;4,o,o + +Q5;2,1,1, 
XQ4;4,0,0 + l%Q4;4,0,0 = XQ3;3,0,0 + 311Q5;3,0,1, 
l%Q5;0,0,4 = XQ4;0,0,4 + 3/~Q5;0,1,3, 
l%Q5;0,1,3 = XQ4;0,1,3 + 311Q5;1,0,3 + 6&?5;0,2,2, 
l%Q5;1,0,3 = XQ4;1,0,3 + 3/JQ5;1,1,2, 
12pQ5;o,2,2 = XQ4;0,2,2 + %Q5;1,1,2 + 9pQ5;o,3,1, 
12pQ5;l,l,2 = xQ4;1,1,2 + 6pQ5;2,0,2 + 6jJQ5;1,2,1, 
12pQ5;2,0,2 = AQ4;2,0,2 + %JQ5;2,1,1, 
WQ5;0,3,1 = XQ4;0,3,1 + %Q5;1,2,1 + l&Q5;o,4,o, 
12~lQ5;1,9,1 = XQ4;1,2,1 + 6pQ5;2,1,1 + 9pQ5;1,3,o, 
12~Q5;2,1,1 = AQ4;2,1,1 + 9pQ5;3,o,l + 6pQ5;2,2,o, 
WQ5;3,0,1 = XQ4;3,0,1 + 3pQ5;3,1,0, 
l%‘Q5;0,4,0 = XQ4;0,4,0 + 3/-~&5;1,3,0, 
WQ5;1,3,0 = XQ4;1,3,0 + 6pQ5;2,2,0, 
12pQ5;2,2,0 = xQ4;2,2,0 + 9fiQ5;3,l,o, 
WQ5;3,1,0 = XQ4;3,1,0 + l+Q5;4,o,o, 
%Q5;4,0,0 = XQ4;4,0,0, 
1 = QWM + Ql;o,o,l + Ql;o,l,o + Ql;l,o,o + Q2;0,0,2 + &2;o,l,l + Q2;l,0,1 + Q2;0,2,0 
+ Q2;l,l,o + Q2;2,0,0 f Q3;0,0,3 f Q3;0,1,2 + Q3;1,o,2 + Q3;o,2,1 + Q3;1,1,1 
+ Q3;2,o,l + Q3;0,3,0 + Q3;1,2,0 + Q3;2,1,o + Q3;3,0,o + Q4;0,0,4 + Q4;0,1,3 
+ Q4;l,o,3 + Q4;0,2,2 + Q4;1,1,2 f Q4;2,0,2 f Q4;o,3,1 $ Q4;1,2,1 + Q4;2,1,1 
+ Q4;3,0,1 + Q4;0,4,0 + Q4;1,3,0 + Q4;2,2,0 + Q4;3,1,o + Q4;4,0,0 + Q5;0,0,4 
+ Q5;o,l,3 + Q5;1,0,3 f Q5;0,2,2 + &5;1,1,2 + &5;2,o,2 + Q5;o,3,1 + &5;1,2,1 
+ Q5;2,1,1 + Q5;3,0,1 + Q5;0,4,0 + Q5;1,3,0 + Q5;2,2,o + Q5;3,1,0 + Q5;4,0,0. (33) 
These balance equations are identical to the probability distribution of the number of machines 
in various phases of repair for the M/E3/4 machine interference problem with one machine and 
four spares with breakdown rate X and repair rate p. Hence, the two systems are equivalent. 
fhilar vwifkation can be made for S = 4 and beyond. Hence, by induction, the &-/Es/c/~ 
queueing system with arrival rate x and service rate p is equivalent to the M/Es/c machine 
interference problem with 1 machine and (K - 1) spares with breakdown rate x and repair 
rate ~1. I 
6. SPECIAL CASES 
Several interesting complementary and equivalence relationships can now be derived by choos- 
ing various values for C, B and K. 
COROLLARY 4. The complementary of an M/Es/C machine interference problem with 1 machine 
and (K - 1) spares with breakdown rate X and repair rate p is the Es/M/l machine interference 
problem with C machines and (K - C) spares with breakdown rate p and repair rate A. 
PROOF. It follows directly from Proposition 3 by setting B = 1. I 
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COROLLARY 5. The complementary of an M/Es/K machine interference problem with B ma- 
chines and (K - B) spares with breakdown rate X and repair rate p is the Es/M/B machine 
interference problem with K machines with breakdown rate ~1 and repair rate A. Furthermore, 
these two queueing systems are equivalent to the M/M/K machine interference problem with 
B machines and (K - B) spares with breakdown rate X and repair rate p, and the M/M/B 
machine interference problem with K machines with breakdown rate I_L and repair rate A, respec- 
tively. 
PROOF. The first part follows directly form Proposition 3 when C = K. Furthermore, the 
Es/M/B machine interference problem with K machines with breakdown rate p and repair rate 
X is equivalent to the M/M/B machine interference problem with K machines with breakdown 
rate p and repair rate X [7] which is complementary to the M/M/K machine interference problem 
with B machines and (K - B) spares with breakdown rate X and repair rate p [8]. From 
Corollary 1, it follows that the M/M/K machine interference problem with B machines and 
(K - B) spares with breakdown rate X and repair rate I_L is equivalent to the Mf Es/K machine 
interference problem with B machines and (K-B) spares with breakdown rate X and repair rate 
LJ. I 
COROLLARY 6. The complementary of an M/Es/l machine interference problem with 1 machine 
and (K - 1) spares with breakdown rate X and repair rate p, is the Es/M/l machine interference 
problem with 1 machine and (K-l) spares with breakdown rate I_L and repair rate A. Furthermore, 
these two queueing systems are equivalent to the M/Es/l/K queueing system with arrival rate X 
and repair rate p, and the Es/M/l/K queueing system with arrival rate p and repair rate A, 
respectively. 
PROOF. It follows directly from Corollary 4, Propositions 4 and 2 by setting C = 1. (Part of 
this corollary was recently proven in [I].) I 
COROLLARY 7. The complementary of an M/Es/K machine interference problem with 1 ma- 
chine and (K - 1) spares with breakdown rate X and repair rate p is the Es/M/l machine 
interference problem with K machines with breakdown rate p and repair rate A. The first queue- 
ing system is equivalent to the M/Es/K/K and the M/M/K/K queueing systems with arrival 
rates X and repair rates p, while the second one is equivalent to the M/M/l machine interference 
problem with K machines with breakdown rate p and repair rate A. 
PROOF. It follows directly from Corollary 4 and Proposition 4 by setting C = K and Corollary 5 
by setting B = 1 and the fact that M/Es/K/K is equivalent to M/M/K/K [4]. (Part of this 
corollary was recently proven in [l].) I 
COROLLARY 8. The complementary of an M/Es/C machine interference problem with C ma- 
chines and (K - C) spares with breakdown rate X and repair rate p is the Es/M/C machine 
interference problem with C machines and (K - C) spares with breakdown rate /I and repair 
rate A. 
PROOF. It follows directly from Proposition 3 by setting B = C. I 
COROLLARY 9. The complementary of an M/Es/C machine interference problem with K ma- 
chines with breakdown rate X and repair rate p is the Es/M/K machine interference problem 
with C machines and (K - C) spares with breakdown rate p and repair rate A. 
PROOF. It follows directly from Proposition 3 by setting B = K. I 
COROLLARY 10. The complementary of an M/Es/l machine interference problem with K ma- 
chines with breakdown rate X and repair rate p is the Es/M/K machine interference problem 
with 1 machine and (K - 1) spares with breakdown rate p and repair rate A. The latter queueing 
system is equivalent to the Es/M/K/K queueing system with arrival rate p and repair rate A. 
PROOF. It follows directly from Corollary 9 by setting C = 1 and Proposition 2 by setting 
C = K. I 
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COROLLARY 11. The complementary of an M/Es/l machine interference problem with 1 ma- 
chine with breakdown rate X and repair rate F is the Es/M/l machine interference problem 
with 1 machine with breakdown rate I_L and repair rate X. The first system is equivalent to the 
M/Es/l/l, the M/M/l/l, and the M/M/l machine interference problem with 1 machine with 
the arrival rates X and repair rates ,u while the second queueing system is equivalent to the 
Es/M/W, the M/M/l/ill and the M/M/l machine interference problem with 1 machine with 
arrival rates ~1 and repair rates X. 
PROOF. It follows directly from Corollary 10 by setting K = 1 and relationships proven in [1,7,8]. 
COROLLARY 12. The complementary of an M/Es/K machine interference problem with K ma- 
chines with breakdown rate X and repair rate p is the Es/M/K machine interference problem 
with K machines with breakdown rate p and repair rate X. The first queueing system is equiva- 
lent to the M/M/K machine interference problem with K machines with breakdown rate X and 
repair rate p, while the second one is equivalent to the M/M/K machine interference problem 
with K machines with breakdown rate h and repair rate X. 
PROOF. It follows directly from Corollary 9 by setting C = K and relationships reported in [7,8] 
and Corollary 2. I 
Note that, when S = 1, the Erlang distribution has only one phase and hence is identical to 
the exponential distribution. Thus, many of the relationships in [8] are special cases (with S = 1) 
of the more general relationships derived here. 
7. INTERPRETATION AND 
USE OF COMPLEMENTARITY 
AND EQUIVALENCE 
Some very useful interpretations and simplifications can be achieved using complementarity 
and equivalence. Queueing systems involving Erlang distributions tend to be very complicated 
(see, for example, [9]). M ac h ine interference problems, although of finite state space, still tend 
to be very complicated. However, with the help of complementarity and equivalence, the effort 
required to solve such problems can be reduced considerably. Many cases reduce to M/M/C 
type of queueing systems, the solutions of which are readily available [4]. 
The relationships developed above are summarized in Table 1. All queueing systems enclosed 
in a box are equivalent. Any queueing system in a box under the heading “Original System” 
is complementary to any queueing system in the corresponding box which is to the immediate 
right, under the heading “Complementary System.” This means that the solution to any of the 
queueing systems in the complementary boxes will lead to the solution to any other queueing 
system in those boxes by inspection. The relationships between the measures of performance can 
be easily derived as was shown in [l]. Note that the complementary of the complementary is the 
original system. 
8. EXAMPLE 
Consider an M/E214 machine interference problem with 3 machines and one spare with break- 
down rate = 4 and repair rate = 3. 
Solution of the original problem 
In order to solve this, a system of linear equations consisting of 15 unknowns, similar to the set 
of equations (17), have to be written and the probability distribution of the number of machines 
in the repair facility and the various phases of repair obtained. By proceeding in this manner 
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Table 1. Complementary and equivalence relationships. 
* Source(s) of Original System Complementary System 
Relationships Arrival Rate Arrival Rate 
(or Breakdown Rate) = X (or Breakdown Rate) = p 
Service Rate (or Repair Rate) = p Service Rate (or Repair Rate) = X 
(2) Propositions 1 Es IMICIK M/Es/l MIP with C math 
& 2 and Es/M/C MIP with 1 math and K - C sprs 
Corollary 3 and K - 1 sprs 
(3) Proposition 3 M/Es/C MIP with B math Es/M/B MIP with C math 
and K - B sprs and K - C sprs 
(3) Proposition 4 M/Es/C MIP with 1 math Es/M/l MIP with C math 
and K - 1 sprs and K - C sprs 
and Corollary 4 M/Es/C/K 
(1) Corollary 5 M/Es/K MIP with B math Es/M/B MIP with K math 
and K - B sprs 
M/M/K MIP with B math M/M/B MIP with K math 
and K - B sprs 
(2) Corollary 6 
(1) Corollary 7 
(3) Corollary 8 
(3) Corollary 9 
~/Es/~/K 
M/Es/l MIP with 1 math 
and K - 1 sprs 
MI&/K/K 
MIMI KIK 
M/Es/K MIP with 1 msch 
and K - 1 sprs 
M/Es/C MIP with C math 
and K - C sprs 
M/EsjC MIP with K msch 
EsIMIUK 
Es/M/l MIP with 1 math 
and K - 1 sprs 
Es/M/l MIP with K math 
M/M/l MIP with K math 
Es/M/C MIP with C math 
and K - C sprs 
EsfM/K MIP with C math 
and K - C sprs 
(2) Corollary 10 M/Es/l MIP with K math EsIMIKIK 
Es/M/K MIP with 1 math 
and K - 1 sprs 
(1) Corollary 11 MlEsllll EsIMI~I~ 
M/Es/l MIP with 1 math Es/M/l MIP with 1 math 
M/M/l MIP with 1 math MIMI1 MIP with 1 math 
MIMIV MIMIW 
(1) Corollary 12 M/Es/K MIP with K math Es/M/K MIP with K math 
M/M/K MIP with K math M/M/K MIP with K math 
Notes: MIP = Machine Interference Problem 
math = Machine(s) 
sprs = Spares 
* (1) = Easy M/M/.type 
(2) = Relatively easy (only one Erlang server) 
(3) = Relatively difficult (some approximate results available) 
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and solving the set of equations, the following is obtained: 
QO;O,O = 0.0445, Q1;O,l = 0.0890, Q 11 ; , o = 0.0890, Qz;,,,~ = 0.0890, Q2;1,1 = 0.1779, 
QZ;Z,O = 0.0890, Q3;0,3 = 0.0395, Q 3 ; 12 , = 0.1186, Q3;2,1 = 0.1186, Q3;3,0 = 0.0395, 
Q4;0,4 = 0.0066, Q4;1,3 = 0.0264, Q 4 ; 2 , 2 = 0.0395, Q4;3,1 = 0.0264, Q4;4,0 = 0.0066. 
Therefore, 
p. = Qo;o,o = 0.0445, PI = Ql;o,l + Ql;l,o = 0.1780, 
~2 = Q2;0,2 + Q2;1,1 + Q2;2,0 = 0.3559, 
P3 = Q3;0,3 + Q3;1,2 + Q3;2,1 + Q3;3,0 = 0.3162, 
P4 = Q4;0.4 + Q4;1,3 + Q4;2,2 + Q4;3,1 + Q4;4,0 = 0.1055. 
Solution Using Complementarity and Equivalence 
This solution could also be obtained by solving an alternative system from the complementarity 
and equivalence boxes. By doing that, the solution procedure is greatly simplified. Thus, from 
Table 1 (or Corollary 5), a possible queueing system to solve is the M/M/B machine interference 
problem with K machines (where B = 3 and K = 4) with breakdown rate = 3 and repair 
rate = 4. (This is complementary to the original problem.) Using the formulas given in [4], the 
following is obtained: 
eo = 0.1054, el = 0.3163, e2 = 0.3558, e3 = 0.1779, e4 = 0.0445. 
Using (30)) the values of p, (0 I n. I 4) are: 
po = e4 = 0.0445, p1 = e3 = 0.01779, p2 = e2 = 0.3558, p3 = el = 0.3163, p4 = e. = 0.1054. 
These are identical to the one’s obtained above (except for some rounding off error). 
9. CONCLUSIONS 
In this paper, the complementary and equivalence relationships of various Erlang based queue- 
ing systems were derived. These relationships were summarized in a tabular form. Using this 
table, one can solve the easiest of the queueing systems available in the two complementary boxes 
and obtain the solution of all related systems instantaneously. An example was considered to 
illustrate the use of the table. 
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